Abstract-The reflection of linearly polarized light from an ultrathin biaxially anisotropic dielectric film on an isotropic transparent material is investigated in the long-wavelength limit.
INTRODUCTION
Anisotropic dielectric films play an important role already for a long time in a number of modern optical systems such a guidedwave propagation in integrated optics or narrow-band polarization filters in conventional optics [1, 2] . In addition, at present, dielectric layers have also grown in importance in the technology of micro-and nanoelectronic devices [3, 4] . Notably advances in nanotechnology have raised the issue of novel diagnostics techniques with greater capabilities for the analysis of ultrathin anisotropic layered structures.
Well-accepted methods for optical characterization of an ultrathin film (thickness d is much less than an optical wavelength λ) are differential reflection techniques [5] [6] [7] [8] , which are founded on direct measurement of the contribution of an ultrathin layer to the reflection coefficient or ellipsometric angles.
The heart of the theory of differential reflection methods is a long-wavelength approximation [9] . This approximation is of critical importance particularly for anisotropic thin-film systems because it enables one to derive the relatively simple analytical relationships for reflection characteristics. These analytical expressions not only give a physical insight into the details of the reflection process, but also are especially advantageous for tackling the inverse problem. The reason is that the creation a solution for the inversion problem for an anisotropic layered system is rather intricate process owing to the complexity of the corresponding exact reflection equations. In general, these equations cannot analytically be inverted, and the solution of such problems can only be found by the use of complicated numerical methods. But these methods, as a rule, come across serious difficulties, the main two being the instability and the nonuniqueness of the solution. In addition, it is important to note that the analytical algorithms for calculating the parameters of interest directly from the measured data are very fast in comparison with classical, e.g., the regressive type of algorithms. Because of this fact, approximate analytical techniques are also used to provide initial guesses at the values of the variable parameters, and regression techniques are then used to fine tune the desired parameters. Until the present time only few investigations have been done to find out how the differential reflection methods can be used for determining the parameters of anisotropic ultrathin dielectric films on absorbing [10] [11] [12] or transparent substrates [13, 14] . In [13] , general long-wave limit formulas for reflection characteristics of an N -layer system of anisotropic dielectric films on isotropic dielectric substrates are derived. In [14] , the possibilities for reflection characterization of biaxially anisotropic ultrathin films are discussed only in the case where the thickness of such layers is a predetermined quantity.
A purpose of this paper is to study the reflection properties of biaxially anisotropic nonmagnetic dielectric films on transparent isotropic bulk in the long-wavelength approximation and to work out the differential reflection method for optical diagnostics of biaxially anisotropic ultrathin films in the general case where the film thickness is also an unknown quantity.
The paper is organized as follows. In Section 2, the secondorder expression in the long-wave limit for 4 × 4 transfer matrix of an anisotropic layer on a transparent isotropic substrate is produced. In Sections 3, the final analytical expressions for the reflection and transmission coefficients are derived. In Section 4, the approximate analytical results are correlated with the exact numerical solution of the reflection problem for anisotropic systems. The fifth section is concerned with the solution of the inverse problem on the basis of obtained formulas for reflection characteristics. It must be emphasized that a key capability of such analytical expressions is to decouple the usual correlations in the index and the thickness of ultrathin films.
4 × 4 TRANSFER MATRIX
Assuming that all the media are nonmagnetic, we consider the reflection of s-and p-polarized time-harmonic (the complex representation is taken in the form exp(−iωt), where ω = 2πc/λ, and λ is a vacuum wavelength) electromagnetic plane waves in an ambient medium with isotropic and homogeneous dielectric constant ε a ≡ n 2 a from an anisotropic homogeneous dielectric film of thickness d λ and with principal dielectric-tensor components in the crystal-coordinate system ε xx = n 2 xx , ε yy = n 2 yy , and ε zz = n 2 zz that is located upon a semiinfinite isotropic and homogeneous substrate with dielectric constant ε s ≡ n 2 s (Fig. 1 ). The orientations of the crystal axes are described by the Euler angles θ, ϕ, and ψ with respect to a fixed xyz coordinate system (the Cartesian laboratory coordinate system). The laboratory x, y, and z axes are defined as follows. The reflecting surface is the xy plane, and the plane of incidence is the zx plane, with the z axis normal to the surface of the layered medium and directed into it. The incident light beam in the ambient medium makes an angle φ a with the z axis.
The dielectric tensor for an anisotropic layer in the xyz coordinate Figure 1 . Schematic cross section of the simulation structure.
system is given by
where A is the coordinate rotation matrix [15] . Therefore,
where
In a similar manner to the isotropic case, we use the matrix method for calculating the contributions of anisotropic layers to the reflection characteristics. Since s and p modes are no longer spatially independent of each other (a so-called mode coupling appears) in the anisotropic medium, then, consequently, 4 × 4 matrices are needed in order to establish an analogous matrix method. Dealing directly with first-order Maxwell equations, we can calculate the reflection characteristics of an anisotropic layered system from a wave transfer matrix of rank 4 [16] (note that the other way is to work with corresponding second-order wave equations [1] ). The 4 × 4-matrix method consists of calculating a 4 × 4 characteristic matrix,
where E x,y and H x,y are the electric and magnetic field components parallel to the interfaces.
On the other hand, on the basis of Maxwell's equations
or
and of constitutive relations
we obtain the following system of equations:
where D is the electric displacement and k x = (ω/c)n a sin φ a . Note that the component of the propagation vector in the x direction k x is a constant and there is no y component. Solutions in this case have the common factor exp(ik x x). Therefore, a differential form of the Equation (10) may be written {by substituting Equations (17) and (18) into (13) 
where c 11 = −n a sin φ a ε 13 
and
Within the framework of the long-wavelength limit (d λ), we can use the Taylor-series-like expansion, which in the first order with respect to the small parameter d/λ yields:
where B ap (d) is the approximate transfer matrix and I is the 4 × 4 identity (unit) matrix. Hence, the second-order expression for the 4 × 4 approximate transfer matrix B ap takes the form:
in which
REFLECTION AND TRANSMISSION COEFFICIENTS
The electromagnetic field in the ambient medium is made up of two parts, the incident-and the reflected-wave contributions,
R , and the field in the isotropic substrate matches solely a transmitted wave field, Ξ (s) .
Since in the media (a) and (s) field components are H (a)
, then from the matrix equation
one can obtain four linear equations:
We solve this system of equations for the two cases, first, if E (a)
Iy ≡ 0 (p-polarized incident wave) and, second, if E (a) Ix ≡ 0 (s-polarized incident wave). In the case of p-polarization, we obtain for
Ix ] cos φ a / cos φ s (transmission coefficient) the following results:
where r 
Analogously, in the case of s-polarized incident wave (E (a)
Ry /E (a)
Iy , we obtain:
For the remaining quantities r ps = [E (a)
Iy ]/cos φ a , and
Iy ]/cosφ s (in this paper, the first subscript indicates the incident light) one can obtain: 
where σ = ps or sp, P ps = +1, P sp = −1, and
and
R ps = |r ps | 2 are equal to zero in the first order in d/λ. The secondorder formulas take the form:
are the transmittances for the substrate. The remaining two transmittances T sp and T ps can be calculated from the relation
ACCURACY OF APPROXIMATE EXPRESSIONS
In this section, approximate analytical results obtained above are correlated with the exact computer solution of the reflection problem for a multilayer system of anisotropic homogeneous films. The main question is, what is the accuracy of approximate formulas. For exact analysis of reflection characteristics we find the four periodic solutions of Eq. (19):
where j = 1, 2, 3, 4 and the four eigenvalues q j can be obtained from the quartic polynomial equation in q: 
which results from expanding the determinant in the secular equation
where I is the 4 × 4 unit matrix. Next, for the eigenvectors Ξ j (0) one can find the following expression:
and the exact partial transfer matrix B ex can be calculated from the relation
where 4 × 4 matrix
and Γ ≡ γ km is a diagonal 4 × 4 matrix with elements γ kk = exp(i2πq k d/λ) and γ km = 0 if k = m. Finally, the exact reflection and transmission coefficients can be obtained from the relation (26), where instead of B −1 ap must be used the accurate transfer matrix B −1 . Note that to eliminate errors in the computer calculations, we utilized also another, different algorithm, where the eigenvalue problem (47) was directly numerically solved on a computer.
The results of computer simulations for reflection characteristics are plotted in Figs. 2-4 . Since in the case of ultrathin films the experimental error of the overall reflectance R pp,ss , as a rule, is greater than the contribution of an ultrathin film to R pp,ss then in the subsequent discussion our interest is in differential quantities, e.g., in the relative change of reflectance ∆R pp,ss /R
p,s , which is directly brought on by an ultrathin layer. The reason is that the differential reflectance ∆R pp,ss /R 
where I p,s and I pp,ss are the reflected intensities from the bare substrate (d = 0) and from the system of ultrathin films on the same substrate, respectively, and I (in) p,s is the intensity of the incident light. In addition, the error of approximate expressions for R pp,ss does not adequately depict the situation because the contribution of an ultrathin layer to the reflectance is extremely small (the substrate is of first importance in the causation of reflectance) and as a result the computational exactness of R pp,ss is, in fact, several orders higher than the corresponding exactness for ∆R pp,ss /R s,p , R σ were calculated by approximate Equations (37), (38), and (39), respectively (R σ may also be considered as a differential quantity because R σ = 0 if d = 0), for two different anisotropic ultrathin films as functions of λ are presented in Fig. 2 . Note that the quantities λ and d may be in arbitrary common units (only the ratio d/λ matters), and the ambient refractive index n a = 1 in all the figures. As illustrated, the error of approximate equations does not exceed a few percent if the maximum values of d/λ comprises a few hundredths. This is in good agreement with condition d/λ 1/2π used in the derivation of these formulas. However, the accuracy of approximate equations for given values of d/λ depends on the values of material dielectric constants as well. This can be understood as a consequence of the fact that reflectivity is a measure of optical mismatch between the ambient and the sample. Because of this, it is difficult to indicate explicitly the value of d/λ where the long-wavelength approximation is broken down (the difference between the exact and approximate theory, for example, is greater than 15 percent). Notice that for ultrathin films with nanometric thickness, the developed approximation theory is highly accurate in the far-infrared part of the electromagnetic spectrum (d/λ ≤ 10 −3 ).
The dependence of the accuracy of approximate formulas on the angle of incidence φ a is shown in Fig. 3 . One can see that in comparison with s-polarization, the differential reflectance of p-polarization as a function of φ a changes its sign passing through the zero value and the approximate formula is inapplicable (Fig. 3(a) ) in principle in the neighborhood of the point where ∆R pp → 0 (even for d/λ as small as wished) because it is insufficient to restrict oneself to terms of the second order in the expansion in d/λ in the vicinity of this point.
Of special interest is the problem of dependence of the accuracy of approximate formulas on the materials refractive indexes and on the strength of anisotropy of thin films or on the difference of refractive indexes between films and a substrate. The direct computations show that generally the accuracy of approximate expressions is lower in the case of strong anisotropy. The exactness of formulas also decreases if the difference in refractive indexes between films and substrate increases (Fig. 4) . However, this decrease in accuracy is of little consequence: the desired exactness can easily be achieved by the use of a longer wavelength.
In addition, at large incident angles than the difference between s-and p-polarization is usually clearly defined, the relative error of the approximate formula for R ss may be significantly greater than the analogous error for R pp (Fig. 4) . However, for example, if φ a = 80 • , n xx =1.5, n yy =1.55, and n zz =1.45 (the other parameters are the same as in Fig. 4) , then the relative errors of ∆R pp /R (0) p and ∆R ss /R (0) s are equal to −0.852% and 0.254%, respectively. Therefore, we can not argue that the error for s-polarization is always greater than the error for p-polarization. The result is governed by the particular parameters of films and substrates and, generally, it is not easy to gain an accurate and coherent impression of how the relative errors of approximate formulas depend on material parameters.
Finally, it might be well to point out that the approximate analytical approach works also in the situations of optical degeneracies [17] that arise when light propagates along one of the optic axes in an anisotropic layer. It is well known that in theses instances the conventional numerical methods turn out to be applicable for computation through the presence of mathematical singularities.
REFLECTION DIAGNOSTICS
In what follows, we take a look at the potential applicability of approximate expressions obtained above for the reflection diagnostics of anisotropic ultrathin films. First, we show that all unknown components ε 11 , ε 22 , ε 33 , ε 12 , ε 13 , and ε 23 of the dielectric tensor (1) and also the thickness d of an ultrathin anisotropic layer can be determined from the reflection measurements with the expressions derived above. For instance, on the basis of the measurements of 
and i = 2, 3;
and j = 1, 2, 3. The system of two nonlinear Equation (55) can be solved with a computer. On the other hand, rather than solve the nonlinear system, the problem can be reduced to a quartic equation for one unknown. This approach has an advantage over the first method because for solving the quartic equations foolproof methods exist. For unknown y, for instance, one can obtain the following quartic equation: a 12 a 21 − a 11 a 22 , f 2 = a 15 a 21 − a 11 a 25 , f 3 = a 16 a 21 − a 11 a 26 ,  f 4 = a 13 a 21 − a 11 a 23 , f 5 = a 14 a 21 − a 11 a 24 .
If the quantities x and y are known, then the thickness d can be determined from the expression:
Notice that whilst d/λ is always a real positive quantity, then the righthand side of Equation (71) must also be a real positive number. Such is indeed the case if the measurement errors of reflection coefficients are within the normal range. However, if in the course of the calculations it emerges that the right-hand side of Equation (71) has not a positive value, then, obviously, the measurement errors of reflection coefficients are unacceptably great and, of course, on the basis of such experimental results one cannot determine the desired parameters. Thus, Equation (71) provides a good separating filter (diplexer) for great random experimental errors. The quantities ε 12 − ε 13 ε 23 /ε 33 and ε 23 /ε 33 can simply be determined from the measurements of R ps and R sp . On the basis of the Equation (39) one can obtain that
Consider next the determination of the quantity ε 22 − ε 2 23 /ε 33 . We can use for this purpose s-polarized light making measurements of
s . The alternative is to use the reflection mode ellipsometric parameters:
For the contributions of an ultrathin film to ellipsometric angles δΨ 
if φ a = φ B = arctan(n s /n a ) (for φ a = φ B , we have δ∆
pp ≈ π/2), and δΨ
if φ a = φ B (for φ a = φ B the quantity δΨ
. From Equation (76), we obtain that
For determining all components of the dielectric tensor (1) there is a need to evaluate the quantity ε 13 . All one has to do is to measure the transmission mode ellipsometric parameter ∆ (t) pp because in the case of transmission ellipsometry, where
one can obtain that
whence it follows that ε 13 ε 33 = 1 n a sin φ a c 21 cos φ a cos φ s +c 12 n a n s n a cos φ s +n s cos φ a − n a n s cos φ a cos φ s +c 43 n a cos φ a +n s cos φ s − δ∆
Consequently, by the use of reflectance and ellipsometric measurements we can found the quantities ε 11 , ε 22 , ε 33 , ε 12 , ε 13 , ε 23 and then on the basis of the Equations (2)- (7) work out the six desired parameters of anisotropy: ε xx , ε yy , ε zz , θ, ϕ, and ψ. But the corresponding system of six equations for these unknown quantities is difficult to tackle analytically and, generally, this system can be solved with a computer. Here, we consider solely a couple of cases where one parameter of anisotropy is known, i.e., we have only five unknown quantities. In this situation, the analytical resolution of the issue presents no special problem. For instance, if the angle ψ is known and for simplicity we suppose that ψ = 0, then we can obtain the following system of five equations for five unknown quantities ε xx , ε yy , ε zz , θ, ϕ:
The solution of this system has the form: s,p is demonstrated in Figs. 7-9. These calculations show that the wavelength plays a role in the error formation only in the short-wavelength region where d/λ is not a sufficiently small quantity. But, in the long-wavelength region the error of approximate formulas is of no concern: the error of desired anisotropic constants is completely defined by instrumental error.
It is necessary to stress that a quartic equation gives generally four different solution, then it may be that Equation (65) yields several real positive solutions for ε 33 . However, computer simulations show that frequently only one solution of Equation (65) is physically meaningful, i.e., is greater than unity. On the other hand, if two (or even more) real solutions of Equation (65) are > 1, then, of course, one needs to find all final solutions for ε xx , ε yy , ε zz , θ, ϕ, ψ, and d that follow from different solutions of Equation (65). It is apparent that a mathematical model generates all possible combinations of parameters which possess identical reflection characteristics (the greater the number of parameters, the greater the probability that such different combinations exist). Hence, if two (or more) dissimilar combinations of optical constants and thickness that are all physically meaningful exist among final solutions, then more information (or a combination of optical methods and alternate metrology techniques) is needed for the separation of a true value of the set of optical parameters for the biaxial 
CONCLUSION
The analytical approach developed in this paper not only provides insight into the nature of reflection problem for anisotropic films on transparent materials but also furnishes the methods for determining simultaneously the dielectric constants and thickness of ultrathin anisotropic films. Namely the latter feature of obtained analytical expressions for reflection characteristics is currently of first importance in optics of ultrathin films because the standard regression methods for determining the parameters of ultrathin films on the basis of reflection measurements are characterized by a strong correlation between film thickness and dielectric response.
Concurrently performed numerical calculations show that the accuracy of the long-wavelength approximation is reasonable if d/λ ≤ a few hundredths. Thus, if we use the visible region of wavelengths for measurements, then the thickness of surface layers cannot be in excess of several nanometers. In this case physically in the category of ultrathin films fall, e.g., such layers as native oxides, adsorbed monolayers, Langmuir-Blodgett films, and gate oxides (nanometer-size insulating films) on microelectronic devices. In fact, at the moment of interest are also the possibilities of optical diagnostics for the analysis of utrathin films less than 1 nm thick [8] because expressly this technique is of primary importance in real-time control of deposition and applications involving preparation of next-generation (opto) electronic devices.
Generally, in the present context the concept of "ultrathin" should not be taken too literally. For example, in the far infrared region of wavelengths the suggested methods, in principle, can be used in reflection diagnostics of conventional thin films, i.e., the layer thicknesses can even be close to visual wavelengths as well.
